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Analytical and numerical instability analysis of functionally graded 
low-carbon steel

Abstract

The instability point of a material is one of the most important factors when choosing a material, as it could be 
a good representation of its formability. In this study, the instability of functionally graded materials (FGM) was 
investigated. An algorithm is proposed for predicting the instability of functionally graded low-carbon steel with 
gradient work hardening exponent (n) and strength coefficient (K). The investigated work hardening exponent and 
strength coefficient of the FGM vary through the cross-section as a function of radius. Numerical methods like 
the Simpson rule of integration were utilized to solve the equations. The mathematical and experimental results 
are compared, and it can be seen that the algorithm has a reliable consistency with the experimental results. The 
presented analysis shows that the instability of the functionally graded low-carbon steel can be predicted using the 
calculation of the average strain hardening exponent. The calculated average work hardening exponent (n ̅   ) was 
0.1095 and 0.1657 for the 550 °C and 650 °C annealed samples, respectively. The instability of more complicated 
FGMs can be predicted with the present algorithm.
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1. Introduction

Improvements in material quality are made every day 
thanks to research and development efforts, but there is 
still no way to ensure that widely used materials like pure 
metals, alloys, and standard composites always maintain 
the essential characteristics required by many different 
types of machinery and equipment [1,2]. Limitations 
in using traditional homogenous materials necessitated 
the creation of new materials with contrasting properties 
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and a graded structure to fulfill the needs of applications 
caused by technological and industrial progress [3]. This 
resulted in the development of a new class of materials 
known as functionally graded materials (FGM). 

In recent years, FGMs have gained considerable at-
tention in many engineering applications. FGMs are 
considered potential structural materials for future high-
speed spacecraft, biomedical implants, power genera-
tion, and nuclear industries [4]. The phrase "functionally 
graded material" was originally used in Japan in 1984 
to describe the development and use of thermal barrier 
materials [5]. Conventional FGMs are a novel class of 
composites with no internal borders or interfacial stress 
concentrations, resulting in a continuous distribution of 
microstructure and mechanical characteristics [6]. These 
materials are also known as sophisticated engineered ma-
terials in which the properties are customized and vary 
smoothly and continuously from one surface to the other 
[7,8]. In an FGM, the composition and structure gradually 
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without generating an undesirable condition, such as 
necking [20]. According to Considère, necking occurs as 
a consequence of instability in tensile deformation when 
the sample's cross-sectional area decreases at a faster rate 
than the material strain hardens, which for homogenous 
materials Considère approved that instability occurs at 
true strain equal to the work hardening exponent of the 
material obtained from the Hollomon equation [19].  

Furthermore, in most cases, physical testing, such as 
tensile or microhardness testing, is required to measure 
the mechanical properties of materials such as function-
ally graded ones. This has some problems associated 
with it. Firstly, when doing most mechanical, the phys-
ical sample must be destroyed, which causes extra ex-
penses. Secondly, the only place these tests can provide 
accurate readings is the exact spot where they are carried 
out. Because of this, numerical simulation and computa-
tion come into play, with which you are not bounded by 
the limitations of traditional tests.

In this study, an algorithm is driven to examine the 
instability of materials with grain size distribution along 
their radius, following a change in work hardening ex-
ponent (n) and strength coefficient (K). To confirm our 
work, we utilized our algorithm on Wang's samples and 
compared our results. Similar to Qiu et al. [16] the re-
lationship between radius and work hardening exponent 
was found for the low-carbon steel samples with anneal-
ing temperatures of 550 °C and 650 °C. The relation 
between strength coefficient and radius was also found 
using the microhardness given for the samples; therefore, 
the technique was applied to model the low carbon steel 
specimens using the n and K grain size relations. 

2. Mathematical procedure

The presented algorithm originated from the expres-
sion of force as stress integration on the area where the 
force is applied. As the considered material is function-
ally graded, its flow stress will vary with its location (r). 
Additionally, each point of material during deformation 
is susceptible to metallurgical changes, and therefore its 
flow stress will vary over time. Thus, the flow stress can 
be written as a function of both radius and time as follow:

Eq. (1)

Where R is the radius of the specimen during deformation. 
The above equation is also valid for homogenous materials, 
with the main difference being that the stress is not a function 
of radius, as it is for the graded one. Furthermore, volume 
constancy can be used to understand R and the amount of 
strain as a function of time, as shown in Eqs. (2, 3).

Eq. (2)

change over volume, providing continuous graded mac-
roscopic properties [9]. The gradual changes should be 
at least in one direction, which can be in the composition 
of the material or even its microstructure like grain size 
or porosity, resulting in at least one functional change in 
properties, such as hardness, wear resistance, corrosion 
resistivity, thermal conductivity, or specific heat [9,10]. 

Because of this smooth, continuous, and gradual 
transition in mechanical characteristics of FGM, they 
are better and more attractive than traditional composite 
materials, which have limitations such as sudden shifts 
along the composite borders [11]. Interest in FGMs has 
skyrocketed due to the vast opportunities it presents for 
producing individualized products well suited for many 
high-tech sectors. So, there has been a meteoric rise in the 
previous two decades in the number of scholarly articles 
covering this topic [11]. The concept of FGM was first 
developed for heat-resistant materials. Still, these ma-
terials have since been utilized to manage deformation, 
pressure, wear, and corrosion and to lessen stress con-
centration through a gradual transition across all product 
dimensions [12]. For example, metal cutting tools may 
benefit from having a composition gradient designed for 
the length of use and resistance to wear [13]. Likewise, 
the longevity and stability of dental implants may be en-
hanced by adjusting composition gradients and gradient 
thickness [14]. In the marine industry, FGMs may be 
utilized to create things like composite pipe systems, so-
nar domes, and propeller shafts. Due to their high price, 
FGMs are still not widely employed in the automotive 
industry. However, FGMs may be used in the production 
of a variety of car parts, including the combustion cham-
ber, leaf spring, diesel engine piston, etc. [15].

By applying the many possibilities inherent in the 
FGM concept, it is anticipated that materials will be im-
proved, and new functions for them and new processing 
solutions will be developed to simplify the process of 
making them [13]. Several studies have been performed 
to analyze the behavior of functionally graded plates and 
shells. Qiu et al.[16] developed an equation to determine 
the work hardening exponent for ultrafine grain low-car-
bon steels, resulting in a change in the work hardening 
exponent (n). Similarly, Sinclair et al. [17]  investigated 
the relationship between work hardening and grain size. 
Wang et al. [18] used pre-torsion deformation and half an 
hour of 550 °C - 700 °C thermal annealing to create diverse 
low-carbon steel samples with grain size distribution.

One of the most important considerations when 
choosing a material for a particular application is its 
formability, or how easily it can be shaped while main-
taining the desired quality. The capacity to undergo 
plastic deformation is what this term alludes to [19]. 
From a metallurgical standpoint, a metal's formability is 
determined by its elongation, the total amount of strain 
observed during tensile testing, which is the degree of 
deformation feasible during a metal-forming process 
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Eq. (5)

The numerical computation of the algorithm is based on 
Eq. (5) and Simpson's integration approach. The algorithm 
was evaluated on a homogeneous material with the assump-
tion that n and K are constant values before being used for 
an FGM. For instance, Fig. 1 was plotted using Eq. (5) in 
the case of a homogenous material with n = 0.3 and K = 100 
MPa. The true strain at the maximum force is 0.296, which is 
very close to what was expected from the Considère criterion 
[19], that for a homogenous material, necking occurs at a true 
strain equal to the strain-hardening exponent, which in this 
case is 0.3. The engineering stress-engineering strain graph 
shown in Fig. 2 and the true stress-true strain curve presented 
in Fig. 3 were obtained from the force-displacement data il-
lustrated in Fig. 1 using the classical relationship.

Eq. (3)

Where R0 is the initial radius of the tensile test speci-
men, v is the crosshead speed, and L0 is the initial length 
of the sample. Moreover, one of the best methods to ap-
proximate true stress-true strain curves is the Hollomon 
equation, as seen in Eq. (4).

Eq. (4)

Where, as understood, n is the work-hardening expo-
nent, and K is the strength coefficient. For a homogeneous 
material, both variables are considered constant; howev-
er, for a functionally graded material, they can change 
through cross-section and be a function of radius. Accord-
ingly, with the consideration of the Holloman equation 
and Eqs. (2-4), Eq. (1) can be rewritten as follow:
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 Fig. 1. The  numerical force-displacement plot for a homogeneous material with n=0.3 and K=100 MPa.

Fig. 2. The numerical engineering stress vs. engineering strain plot for a homogeneous material with n=0.3 and K=100 MPa.

Fig. 3. The numerical and true stress-true strain plot for a homogeneous material with n=0.3 and K=100 MPa.
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Eq. (8)

Similarly, equations for the strength coefficient can 
be derived, as will be described subsequently. Vickers 
hardness is related to stress, which for most materials, 
its coefficient of relation is 3 [19]. Also, it is known 
that stress is proportional to the strength coefficient 
owing to the power law equation, Eq. (4). Therefore, K 
is proportional to microhardness, and considering the 
microhardness distribution for the materials observed 
in Fig. 5, which is a linear relationship, the equation 
between K and r can be derived as follow, which are 
also linear:

Eq. (9)

Eq. (10)

Additionally, an average was taken on the Eqs. 
(7,8) in order to provide a variable to present a sin-
gle work-hardening exponent for the gradient  mate-
rials. As the work-hardening exponents of the func-
tionally graded samples are a function of radius, the 
average work-hardening exponent can be calculated 

After the method has been validated for a homoge-
neous material, it can be applied to functionally graded 
materials. The data of functionally graded samples that 
this study was conducted on were adapted from Wang's 
study [18], in which he annealed the low-carbon steel 
dog bone samples with gauge dimensions of 5 mm di-
ameter and 70 mm length at 550 °C and 650 °C after 
utilizing a pre-torsion test. His experiment led to the 
samples having grain size distributions and microhard-
ness distributions with respect to the radius, as shown 
in Fig. 4 and Fig. 5, respectively. Moreover, in order to 
determine the distribution of n and K with respect to po-
sition using the indicated radius-to-grain-size relation-
ships from Fig. 4, a similar work to Qui's experiment 
was utilized. Qui's investigation established Eq. (6) for 
relating grain size to the work hardening exponent in 
low-carbon steel.

Eq. (6)

As it is understood, considering that each position of 
the sample has a different grain size and the method uti-
lized by Qui to reach the Eq. (6), the correlation between 
n and r was found for each sample, as demonstrated in 
Eq. (7) and (8).

Eq. (7)
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Fig. 4. The ferrite grain size distribution with respect to r/R for samples with 650 °C and 550 °C annealing 
temperatures. The data for the figure above was extracted from Wang et al. experiment [18].

Fig. 5. The Vickers microhardness with respect to r/R for samples with 550 °C and 650 °C annealing temperatures. 
The data for the figure above was extracted from Wang et al experiment[18].
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no imperfections, necking occurs, and with the start of 
necking, strain localizes, and the deformation becomes 
concentrated, resulting in more increase in the reduc-
tion rate of the cross-sectional area than before. This 
is because the rapid rise in the localized area reduction 
rate will aid the decrease of the work hardening rate in 
decreasing the load. Therefore, the reduction of force, 
in this case, will be more rapid than theoretically ex-
pected, which is the reason for a very sharp decrease 
in force after necking in all experimental graphs of en-
gineering stress vs. engineering strain. Moreover, the 
peak happens much sooner in the experiment due to the 
possible presence of the geometrical and metallurgical 
imperfections, as shown in both experimental graphs in 
Fig. 6 and Fig. 7.

using Eq. (11).

Eq. (11)

For each sample after replacing Eqs. (7,8) in the 
above equation, the average work hardening exponent is 
calculated as follows:

Eq. (12)

Eq. (13)

For the 550 °C and 650 °C samples, n ̅  is 0.1095 (0.11) 
and 0.1657 (0.17), respectively. Ultimately, given the 
equations of K and n as functions of the position, the pro-
cedure can be utilized. Wang's experimental findings are 
compared to the numerical results.

3. Results and discussion

The numerical method was solved for the function-
ally graded samples after it was confirmed by the Con-
sidère criterion for a homogenous material with theo-
retical properties. The numerical algorithm was applied 
with the consideration of the work hardening exponent 
and strength coefficient equations of the 550 °C and 
650 °C annealed functionally graded low carbon steel 
samples. The results of the numerical computation were 
graphed alongside the experimental results of the ten-
sile test in Fig. 6 and Fig. 7. When comparing the exper-
imental and numerical results; it can be seen that the al-
gorithm accurately predicts the samples' behavior until 
the start of necking for the experimental graphs. After 
necking, the numerical graphs start to deviate from the 
experimental ones, which is explained subsequently. 
For a simulation of an ideal case where no imperfections 
and occurrence of necking are not considered similar to 
the presented method, in the beginning, work harden-
ing prevails in the competition between the work hard-
ening rate and the reduction rate of the cross-section-
al area. However, the hardening rate decreases during 
the deformation and gradually falls behind the uniform 
cross-sectional reduction rate. Therefore, the force re-
quired to continue the deformation drops, and a peak 
can be seen. In a case where localization takes place or 
necking beings, and the samples are made ideally, with 
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Furthermore, interesting results can be found when 
comparing the strains at the maximum force in Fig 6 
and 7 and the average work hardening exponent, which 
as calculated above for the 550 °C and 650 °C annealed 
samples, n ̅ is 0.1095 and 0.1657 respectively. The true 
strain at the position where the graphs show a peak for 
550 °C and 650 °C annealed samples are 0.1064 and 
0.1630, respectively. This demonstrates that the aver-
age work-hardening exponent is very close to the ones 
obtained from the graph, which can be suggested that 
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Fig. 6. The calculated engineering stress vs engineering 
strain for 550 °C annealed sample with                   The 
experimental data was extracted from [18].

Fig. 7. The calculated engineering stress vs engineering 
strain for 650 °C annealed sample with              . The 
experimental result was extracted form [18].
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the simplest way to predict the instability point for 
FGM is by making an average of n through its area. 

4. Conclusions

The presented algorithm can be a good simulation 
of the tensile test behavior for the functionally graded 
low-carbon steels with gradients n and K through the ra-
dius of the tensile test samples. From our investigation, 
it can be concluded that: 
• The mathematical algorithm predicts the point of in-

stability of functionally graded material with good 
agreement with the Considère criterion and can be 
a good simulation as the diagrams attained from the 
algorithm showed similar behavior to the ones ob-
tained from the experiment. 

• Numerical analysis showed that instability in FGM 
could be easily predicted based on the calculation 
of the average strain hardening exponent, which is 
equal to the true strain at the onset of necking.

• The mathematical analysis showed that even in a 
case where necking does not occur, the maximum 
value of force or, in other words, a peak would be 
seen in the stress-strain graphs because the reduc-
tion of the work hardening rate will fall behind the 
rate of uniform reduction of area.  
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