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Abstract

A new simple analytical model for prediction of cooling rate in the solidification process based on the local heat
flux density extracted during solidification is introduced. In the modeling procedure, a solidifying control volume
is considered in the mushy zone in which a heat balance equation is used to derive the present model. As the local
heat flux density is a measurable parameter, the present model can be used directly on a production line. The
present model was validated with numerical method and well adopted with analytical model of Garcia et al. The
validation depicted that the present model can predict the cooling rate during solidification process with the same
accuracy of the numerical method and Garcia’s model. Moreover, it was shown that the present model can be used
to calculate the average and local cooling rate, where the available models face some difficulties.
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The term Sl in Eq. 2, presented in the model of Garcia
et al. is the position of liquidus isotherm from metal/
mold interface and is calculated using the solidification
time (t) as follows:

International Journal of ISSI, Vol.7 (2010), No.2

t=

Sl2
LS
+ 0 l2
2
4 α s l φ2 2 α s l φ2

Table 1. Practical and solidification conditions used
for the numerical simulation of bloom
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Where L0 is the thickness of total pre-existing adjunct
to metal in the virtual system (solid and mushy) and is
determined by the following equation:
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computational procedure in the model. Moreover, the
presence of many variables in this model would raise
the errors in the computation process.
In fact, the solidus and liquidus isotherms positions and
the temperature profiles in the mold, solid, mushy and
liquid zones are dependent on the local heat flux density
extracted during the solidification 20). Furthermore, the
thermal diffusivities of mold, solid, mushy and liquid
zones determine the thermal resistivity against the heat
extraction during solidification. So, using the local heat
flux density instead of above mentioned parameters
can not only decrease the variables significantly but
also represent the mold/metal parameters and some
operational parameters such as the casting velocity
and cooling conditions in a continuous casting process
21)
. Therefore, the main goal of the present research
is to derive a simple analytical model for calculating
the cooling rate through the mushy zone as a function
of local heat flux density. Attempts were made to
enable the new present model to predict the cooling
rate corresponding to any temperature and at any solid
fraction in the mushy zone while it keeps its simplicity.
Hereinafter, the simple analytical cooling rate model
introduced in this work is briefly called SACR.

a) Heat transfer along the transverse section of bloom
is recognized as symmetry and along the bloom
withdrawal direction is neglected.
b) The latent heat of steel solidification is converted
into an equivalent specific heat capacity in the mushy
zone 22-23).
c) The fluid flow is expected to affect thermal field via
enhanced heat transfer and then an effective thermal
conductivity is employed in the liquid core and mushy
zone of bloom 24-25).
According to the forgoing assumptions, a twodimensional unsteady state heat transfer equation is
available as follows:
ρ (T) C′ (T)

2. Numerical Simulation of Solidification
In this research, to validate the present analytical
models, a numerical simulation of solidification is
developed. In the first step, it is necessary to choose
a solidification system; hence, due to the importance
of continuous casting (CC) process of steel, this
process is chosen for numerical simulation. In order
to investigate the chemical composition, four grades
of steels with dissimilar carbon contents and similar
alloying elements are chosen. The basic steel alloy is
1.32 wt% Mn, 0.28 wt% Si, 0.007 wt% P and 0.007
wt% S. The carbon contents are 0.08 (steel of S1), 0.12
(steel of S2), 0.16 (steel of S3), 0.3 (steel of S4), and
0.4 (steel of S5). Table 1 summarizes the operational
parameters of CC process of steels.
In this work, the following assumptions were made
in the numerical simulation of CC process of a steel
bloom:

∂Τ
∂ 2 Τ ∂ 2Τ
]
= k(T)∇ 2T = k(T) [
+
∂t
∂ x 2 ∂ y2

(7)

Where ρ is the temperature dependent density (kg/m3), C’
the temperature dependent equivalent heat capacity
(J/kg K), T the bloom temperature (K), t the time
(s), x and y the rectangular coordinates (m) and k
the temperature dependent thermal conductivity of
steel (W/m K). The equivalent heat capacity, C’, is
determined by following expression 26):
(8)
Where C(T) is the specific heat of solid steel or liquid
steel, which is a function of temperature, Tl is liquidus
temperature of steel, Ts is solidus temperature of steel
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and fs is the solid fraction in the mushy zone. The term
fs is calculated as follows:

fs =

T − Tl
Ts − Tl

section.
In the Radiation cooling region 27):

(9)

Boundary Conditions
The boundary condition for the surface of the strand is
written as follows:

− k (T )

∂T
= qe
∂n

∂T

=
Where n in the normal to the boundary and
∂n ∂x
∂T ∂T
=
for y = 0 and
for x = 0. The extracted heat
∂n ∂ y
2
(qe in w/m ) during CC process is calculated using
separate models for mold, spray and radiation regions
and is used as boundary conditions.
In the mold region 21):

α ∆ΤwT ρ w Cw Qmold
e −α z
qe =
×
−α H
Pm
1 − e me

(11)

where Qmold is the volume cooling water rate (m3/s),
ρw is density of water (997 kg/ m3 at 25 °C), Cw is
heat capacity of water (4180 J kg–1 at 25°C), Pm is
perimeter of the tube mold (billet and bloom mold),
z is mold length (starting from the meniscus) (m), α
is slope of straight lines in a qe-z half-logarithmic plot
and its value used in this work is 1.5m-1, ∆ΤwT is total
increase of the cooling water temperature (°C) and
the term Hme is the effective mold length which is in
contact with the melt and is calculated by (mold level
×Hm) where H m is the mold length (m).
In the spray cooling region 26):

qe = h j (T − Tw )

(15)

2
hR a = σ ε (T 2 + Tamb
) (T + Tamb )

(16)

Where e is the emissivity of bloom surface (0.8), s the
Stefan– Boltzman constant (5.67×10-8 W/m2K4), and
Tamb is the ambient temperature (K).
The local heat flux density extracted from the
solidifying steels is calculated by Eqs. 10-15 and
is applied as boundary conditions in the numerical
simulation of CC. Fig. 1 depicts the local heat flux
density as a function of solidification time (or distance
from meniscus) for samples S1-S4. The steps created
in the local heat flux density curves is due to sudden
changes in heat extraction rate from the strand surface
as the strand moves from the mold to the sprays, from
a spray zone to the next one or from the sprays to the
radiation zone. These local heat flux densities also will
be used in the SACR model in the next parts.
Fig. 2 depicts the numerically simulated shell thickness
curves for steels of S1-S4. In fact, these curves show
the position of isotherms coincident to fs=0 and fs=1 at
any solidification time during CC process. In this work,
these diagrams are used to determine the final length
of mushy zone (Lmf) as well as local solidification time
(tf). The calculation procedure tf and corresponding Lmf
at any desired solidification time have been illustrated
in Fig. 2. As this figure shows, the vertical distance
between the lines of fs=0 and fs=1 determines Lmf and
the time required for the mushy zone to grow from
fs=0 up to fs=1 (the horizontal distance) is equal to tf.
Table 2 lists tf and corresponding Lmf extracted from
the shell thickness curves (Fig. 2) at some desired
solidification times for the steels S1-S4.

(10)

∂T

qe = hR a (T − Tamb )

(12)

Where the subscript j shows the number of spray
cooling section. In the present research, the spray
cooling zone is divided into 3 sections according to
the flow rate of water. hj is the convective heat transfer
coefficient in the jth section, which can be calculated as
follows (in kW/m2 oC):

h j = hα j ⋅ w rj + hr j

(13)

Where hα j, r and hr j are the parameters of nozzle, for
air-mist spray nozzle, hα j is 0.35, r is 0.556 and hr j is
0.13. wj (in lit s-1m-2) is the sprayed water densityand
can be calculated by following formula:

wj =

Qs j
Aj

(14)

Where Aj is the sprayed area of the jth cooling section
and Qs j is the spray water flow rate in the jth cooling

Fig. 1. The local heat flux density extracted during
solidification calculated using analytical models
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Fig. 2. The shell thickness curves corresponding to fs=0 and fs=1 simulated by the numerical simulation
Table 2. The local solidification time and final mushy zone length at any desired solidification time calculated
using Fig.

2.

to these assumptions, these thermal resistances act as
series wall.
c) The solid/solid latent heat is ignored.
d) Based on the assumption b and c, it would be
possible to suppose that the heat extracted from the
mushy zone is equal to the heat passing through the
solidified shell, the interfacial resistance, and the
mold.
Let us consider a control volume in the mushy
zone including a dendrite with the length of Lmf and
liquid surrounding it (Fig. 3(b)). According to the
above assumptions, the heat balance equation in
the solidifying control volume could be written as
follows:

3. Procedure of SACR modeling
The following concepts and assumptions are
considered to derive the SACR model:
a) During solidification of the melt, the heat extraction
changes the energy of the materials in two ways:
1-There is a decrease in the enthalpy of the liquid or
solid due to cooling which is known as sensible heat.
2-There is a decrease in the enthalpy due to liquid/
solid and solid/solid transformation which is known
as latent heat.
b) The heat extracted during solidification process,
must pass through several thermal resistance such as
liquid wall, mushy wall, solidified shell, interfacial
resistance (mold powder layer and air gap in the
mold region and oxide layer below the mold in CC
process) and the mold wall [28-29]. Fig. 3.a depicts
the thermal resistance against the heat transfer during
solidification (mold region in CC process). According

df
A
dT
qe ( ) = − ρ C p (
) + ρ ∆H m ( s )
V
dt
dt

(17)

Where the term A (in m2) is the surface area of heat
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transfer and the term V (in m3) represents the volume
of solidifying control volume.

Due to the terms t and dfs/dt, the above equation
cannot be useful to calculate the cooling rate (dT/dt).
Therefore, it can be written as:

qe − 12
d f dT
dT
) + ρ ∆H m ( s ×
)
t = − ρ Cp (
Φ
dt
dT d t

(21)

Multiplying above equation in the term dt, gives the
heat balance by following equation:

qe − 12
df
t d t = − ρ C p d T + ρ ∆H m ( s d T )
Φ
dT

Advantage of above equation (22) is separating the
temperature dependant terms and the time dependant
terms. Also, the term dfs/dt has been replaced by the
term dfs/dT which makes the equation simpler to
compute.
When dependency of ρ and Cp on temperature is
ignored, integration of Eq. 22 in the time range of 0 - t
and temperature range of Tl - T gives:

Fig. 3. (a)The schematic illustration of thermal
resistances against heat withdrawal during a
solidification process and (b) the solidifying volume
in the mushy zone.

(

In fact, the above equation represents the heat balance
during growth of a dendrite (or a mushy wall) form
Lm = 0 (at t = 0, T = Tl and fs=0) to Lm = Lmf (at t =
tf, T = Ts and fs=1) where the term of Lm (in m) is the
time dependent length of mushy zone, t, T, and fs are
the time (in s), temperature (in oC) and solid fraction
through the solidifying control volume, respectively.
According to Fig. 3(b), when the solidification in the
control volume is done, the terms of t, fs, and T vary
between 0-tf, 0-1, and Tl-TS respectively. As can be
seen from Fig. 3(b), the left side of control volume
is corresponding to Ts and the right side of it has been
located at Tl. In other words, the term fs at the right
side of control volume is equal to zero and at the left
side of it is equal to one. The terms ρ and Cp represent
density and specific heat of mushy zone, respectively
and the term ∆Hm is the latent heat of fusion.
Although the term cooling rate (dT/dt) has been
presented in Eq. 17, we cannot use it to calculate the
cooling rate; because it is difficult to compute the term
(dfs/dt) as a function of operational parameters.
According to Fig. 3(b) it can be possible to write the
term A/V as follows:

A
A
1
=
=
V A Lm Lm

t

t=

Φ2
[− ρ C p (T − Tl ) + ρ ∆H m f s ]2
2
4 qe

(24)

Hence, the drive of the inverse of cooling rate can be
implied by Eq. 25:

df
dt
Φ2
=
× 2 × [− ρ C p + ρ ∆H m s ]
2
d T 4 qe
dT

(25)

× [− ρ C p (T − Tl ) + ρ ∆H m f s ]
Finally, it is enough to reverse the above equation and
derive the Cooling Rate (CR) equation as follows:

(18)

CR =

2 q2
dT
= 2 e
d t Φ C ′ ∆h′

(26)

Where the term C ′ (in j/m3/ oC) is called apparent
volumetric specific heat and the term ∆h ′ (in j/m3) is
called apparent volumetric latent heat defined in the
present work by Eqs. 27 and 28:

(19)

Substituting Eqs.18 and 19 in Eq. 17 leads to the heat
balance equation as a function of t:

qe − 12
df
dT
) + ρ ∆H m ( s )
t = − ρ Cp (
Φ
dt
dt

1
2 qe
) ( t ) 2 = − ρ C p (T − Tl ) + ρ ∆H m f s (23)
Φ

So, it is possible to derive a correlation for the cooling
rate (dT/dt) in the mushy zone as a function of local
heat flux density which is independent of variable time
t in the mushy zone. For this purpose, it is necessary
to extract the temperature (T) versus the time (t) and
then calculate the dT/dt. However, extraction of heat
T vs. t is not too simple to calculate dT/dt ; therefore,
it is necessary to calculate t vs. T by the following
equation:

It would also be possible to express the term Lm
as a function of t using a parabolic growth rate
relationship 30) where:

Lm = Φ

(22)

C ′ = ρ (− C p + ∆H m

d fs
)
dT

∆h ′ = ρ (− C p (T − Tl ) + ∆H m f s )

(20)

38

(27)
(28)
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Eq.26 expresses the SACR (in oC/s) model and can
calculate the solidification cooling rate at any solid
fraction and corresponding temperature. If fs=1, the
cooling rate is calculated over the temperature interval
between Tl and Ts which is known as average cooling
rate through the mushy zone.
Mathematical modeling of Φ
For modeling the term Φ (in m/s0.5), the dendrite
velocity during solidification process through a control
volume can be used. According to Fig. 3(b), it can be
imaged that a dendrite moves (in a control volume)
from Lm =0 to Lm = Lmf in the time duration of tf,
therefore, an average velocity (vm in m/s) is considered
for a dendrite as follows:

vm =

f
m

L
tf

solidification time:

t f = Lmf ×

(31)

As mentioned before, when t=tf, the mushy zone
length would be equal to Lmf. Thus, we can write Eq.19
for t = tf as follows:
(32)

Lmf = Φ t f

Extracting the term of tf from Eq.32 and substitution of
it in Eq.31 give the term Φ by Eq. 33:
1

k
G
− k lG l  2

Φ =  Lmf × mushy mushy

ρ ∆H m



(29)

(33)

When the mushy zone is considered as a thermal wall,
the term Lmf can be calculated by using Fourier heat
transfer equation. Hence, the Lmf can be written as:

When the liquidus isotherm is the interface between
the liquid zone and mushy zone, it would be possible
to calculate the growth velocity of mushy zone by
using a simple heat flux Eq. 31:

ρ ∆ H m v m = k mushy G mushy − k l G l

ρ ∆H m
k mushyG mushy − k lG l

Lmf = − k mushy

(30)

Tl − Ts
qe

(34)

The thermal gradient of mushy zone and fully liquid
zone presented in Eq. 33 are also calculated by using
Eqs. 35 and 36:

Where Gl (oC/m) is the thermal gradient of fully liquid
zone and Gmushy (oC/m) is the thermal gradient of mushy
zone. The mushy zone (as a thermal wall) is a mixture
of liquid and solid. So, its conductivity (kmushy) is
replaced by an equivalent thermal conductivity which
is calculated by k mushy = k s f s + Bk l (1 − f s ) in which
the term B is a constant number for consideration of
turbulence in superheated melt and varies between 2
and 7 32). Combination of Eqs.29 and 30 gives the local

Gmushy =
Gl =

Tl − Ts
Lmf

T p − Tl
Ll

Fig. 4. Variation of Φ with solidification time in various values of (Tp – Tl)

39

(35)

(36)
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The term Tp is the pouring temperature and the term
Ll is the length of fully liquid zone (see Fig. 3(a)).
To calculate the term Ll , if half of casting wide
is considered as W, then according to Fig. 3.a the
following equation can be written for the length of
fully liquid zone:

Ll = W − Ls − Lmf

This figure confirms that the term Gl is noticeably
lower than the term Gmushy; therefore, it can be possible
to ignore the term Gl in comparison to Gmushy.
Elimination of Gl and replacement of Gmushy with Eq.35
changes Eq.33 as follows:

Φ =[

(37)

k mushy (Tl − Ts )
ρ ∆H m

1

]2

(39)

The term Ls (in m) represents the fully solidified shell
thickness and is calculated as follows:

In fact, this equation represents the simplified form of
Eq.33 which is independent of the terms Lmf and Ll.

Ls = K t s

4. Model Validation
Validating the model of Φ
As already shown, the final length of the mushy zone
is related to the local solidification time by the term Φ
(see Eq.32). The result of CC simulation shows (see
Table 2) the variation of Lmf versus tf that has been
plotted in Fig. 6 as well. This figure indicates that
the power form trend line is fitted on the simulated
data. Comparing the fitted equations (showed on
the top of Fig. 6) with Eq.32 confirms, with a good
approximation, the term Lmf is proportional to root
square of tf , and this result is in agreement with the
one expressed in Eq.32.

(38)

Where ts is the solidification time (in s) and K is a
constant which is determined by experiment or
numerical simulation work, and this can be a limitation
in calculation of Φ. Moreover, determination of Lmf is
not possible easily by analytical method. Therefore, in
the next part, the challenge is to simplify Eq. 33.
Simplification of Φ
The term Tp, represented in Eq.36, is supposed to be
constant during calculation of Φ using Eq.33. In other
words, Eq.33 calculates the term Φ with a constant
temperature difference of (Tp – Tl). Fig. 4 shows
variation of Φ with solidification time in various values
of (Tp – Tl) for all of the steels under CC process.
Actually, in a casting process, the melt temperature
difference is decreased by increasing the solidification
time (because the temperature of melt center is
decreased) and according to Fig. 4, when the melt
temperature difference is decreasing; the term Φ is
decreased, too. Moreover, dependency of Φ on the
solidification time became more invisible. Also, Fig.
4 reveals that in the initial stages of solidification
(where practically the melt temperature difference
has a considerable value) the term Φ does not change
significantly with the melt temperature.
Based on the above explanations, it would be possible
to neglect the thermal gradient of fully liquid zone in
comparison to the thermal gradient of mushy zone.
Fig. 5 compares the terms of Gl and Gmushy calculated
by Eqs.35 and 36 for the sample of S3.

Fig. 6. Variation of simulated Lmf versus tf with together
the power form equations fitted on them
Another result of Fig. 6 is the simulated term Φ for any
steel alloy. In fact, coefficient of tf (in the equations
listed above the Fig. 6) is the term Φ (compare with
Eq. 32). Table 3 compares the simulated term Φ with
those predicted by the present analytical model (Eq.
39). As can be seen, both simulated and analytical
predictions are in a good agreement. In fact, the results
listed in Table 3 validate Eq.39 and they can be used
as the analytical expression for the term Φ. However,
the existence of some approximations in both models
caused a small difference between them.

Fig. 5. Comparison between the terms of Gl and Gmushy
for CC of steel of S3
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Table 3. Comparing the simulated term of Φ with that
one predicted by the present analytical model (Eq.39)

CC simulation, the term fs is determined by the linear
model (see Eq. 9); therefore, the SACR model also
must be applied with the linear model fs. So, the term
dfs/dT presented in Eq. 27 is calculated as follows:

df s
1
=
d T Ts − Tl

Fig. 7 compares the results of SACR model with
those results of Eq. 40. As can be seen, the cooling
rate calculated by both methods behaves in a similar
trend. Also, there is an acceptable agreement between
them. However, some approximations (for example in
the calculation of the extracted heat) and simplifying
assumptions in both models cause a reasonable
mismatching between them.
b- Comparison with the analytical model of Garcia
et al.
Another way to assess the validity of the SACR
model is to compare its results with those of Garcia’s
model. Since Garcia’s model is a local cooling rate
model (at fs=0), the ability of SACR model for
calculating the local cooling rate also would be
checked. As mentioned before, in SACR model, the
latent heat is released according to the solid fraction
at a particular temperature (T). In other words, the
cooling rate calculated by SACR model is dependent

Validation of SACR model
a- Comparison with the simulated results
In this part, the cooling rate of strand (produced
through the CC process) was calculated by the present
analytical model and compared with the results
of Eq.40 in which the term of tf is determined by
simulation of CC process (see Table 2).

CR =

Tl − Ts
tf

(41)

(40)

Since the Eq.40 calculates the average cooling rate in
the mushy zone, the ability of the present analytical
model for calculating the average cooling rare would
also be checked. As mentioned before, in the present

Fig. 7. Comparison between the cooling rate data calculated by 1-Eq.40 (aided by simulation) and 2-SACR
model
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fs =

1  T − Tl

1 − k 0  T − Tf

 T − Tf
f s = 1 − 
 Tl − Tf


 &

1

 k 0 −1



 T − Ts 

f s = 1 − 
 Tl − Ts 

&

2

&

d fs
1
T − Tf
=
× l
d T 1 − k 0 (T − Tf ) 2
 1
df s
1
=−
× 
dT
k 0 − 1  Tl − Tf

(42)

  T − Tf
 × 
  Tl − Tf

 1   T − Ts 
df s
 × 

= −2 × 
dT
 Tl − Ts   Tl − Ts 

2- k 0

 k 0 −1



(43)

(44)

mushy zone (when fs=0 and T=Tl), at any solidification
time, the Schiels’s equation and Lever rule lead to
equal values of cooling rate calculated with the SACR
model and have most coincidence with the results of
Garcia’s model. When the quadratic model of fs is used
in the SACR model, the calculated cooling rates have
a considerable difference (approximately twice at
solidification times more than 150 s) with the results
of Garcia’s model.

on the relationship between the solid fraction and
temperature. Eqs. 41-43 represent some models for
calculating the solid fraction and their derivatives with
respect to the temperature (Eq.42: Lever rule, Eq. 43:
Scheils's, equation and Eq.44: quadratic model). These
equations have been used in SACR model separately
and their results are compared with the analytical
model of Garcia et al.
Where Tf is the fusion temperature (1536 oC) and
the term k0 is the equilibrium partition ratio and is
calculated as k0= (Tf-Tl)/ (Tf-Ts). The heat transfer
coefficient required in Garcia’s model is calculated by
Eq.13 through the solidification time. Fig. 8 shows the
variation of h versus the solidification time. The term
h can be written as a function of solidification time (ts)
using the trend line as shown in Fig. 8.

5. Conclusions
In the present work, a novel analytical model has been
introduced for the cooling rate during solidification.
The present model is based on the local heat flux
density extracted during solidification process. The
following main conclusions can be drawn from the
present work:
● The results of model validation reveal that the
present analytical model can be used as well as the
numerical simulation and analytical models.
● The term q e existing in present analytical
model represents the operational parameters (for
example, in the CC process, casting velocity,
and cooling conditions) therefore; it considers
the role of operational parameters in cooling
rate values.
● The present analytical model calculates cooling rate
using the determinable parameters; for example, this
model is not a function of local solidification time.
● The present analytical model can be used to calculate
the average and local cooling rate at any solid fraction
in the mushy zone.
● The cooling rate calculated by the present model
is dependent on the relationship between the solid
fractions with the temperature.
● Depending on the model of solid fraction and solidus
temperature, both equilibrium and nonequilibrium
cooling rates can be calculated by the present analytical
model.

Fig. 8. Variation of heat transfer coefficient against
the solidification time calculated by Eq.13
Fig. 9 compares the cooling rates calculated by both
SACR model (with three types of fs) and Garcia’s
model. For more clarification, those parts of diagrams
which are related to the solidification time above than
400s are plotted again. The cooling rates emerged by
SACR model behave similarly to results of Garcia’s
model for all steels. Fig. 9 depicts that at the tip of the
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Fig. 9. Comparison of the cooling rates calculated by both SACR and Garcia’s models
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