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Torsional fatigue life evaluation for steel thin-wall specimens considering crack 
initiation phase

In this paper, a new model for fatigue life evaluation of a steel thin-wall tubular specimen based on critical 
plane theory is presented. The fatigue model incorporates the crack initiation phase in the life prediction 
model. The total fatigue life is the sum of both crack initiation and propagation lives. Initial crack length is 
not applied priory, but is calculated within the model. The crack initiation life is evaluated using a critical 
plane approach base on a modified Smith-Watson-Topper and the Fatemi- Socie criteria. The evaluated fa-
tigue lives are validated by experimental results for a thin-wall tubular specimen. Both critical plane criteria 
have resulted in similar fatigue lives, with the Fatemi-Socie criteria giving a slightly more accurate initiation 
life. The model absolute error is high without consideration of the crack initiation phase. The proposed model 
indicates that a correct determination of the fatigue life requires consideration of the crack initiation phase.

Keywords: : Steel thin-wall specimen, Initial crack length, Torsional load, Critical plane approach.

Abstract

*Corresponding author
Email: z.ebrahimi@pnu.ac.ir
Address: Mechanical Engineering Dept.
Payeme Noor University,
P.O.Box 19395-4697 Tehran, Iran.
1. Assistant Professor

Z. Ebrahimi*1 

Department of Mechanical Engineering, Payame Noor University (PNU), P.O.Box 19395-4697, Tehran, Iran

1. Introduction

Fatigue failure happens in many vehicles, aerospace 
and mechanical structures under cyclic loading. Many 
structural elements, such as hollow tubular sections and 
notched and circular shafts, experience fatigue. Various 
experimental and numerical fatigue assessment stud-
ies are reported in the literature. Ferriera et al. [1] have 
studied crack propagation in hollow rectangular sections 
and obtained the S-N curves as a function of initial crack 
length. Fash [2] has performed a variety of experiments 
to assess the fatigue behavior of smooth and notched 
specimens under multiaxial loading. Macdonald and 
Haagensen [3] investigated the fatigue properties of hol-
low tubes using the hot spot stress method. Pawliczek 
and Rozumek [4] performed fatigue tests for smooth and 
notched shafts under bending and torsional loading for 

different mean stresses.
The complex fatigue problems, under torsional and 

multiaxial loading, have attracted interest from many re-
searchers. Chen et al. [5] improved the fatigue properties 
of a cracked rectangular hollow section using compos-
ite plates. Kashani and Cai [6] investigated the fatigue 
behavior and fracture of reinforcing bars under torsion. 
Zhao et al. [7] have proposed a new method for fatigue 
life prediction of steels under torsional loading. Fatemi 
and Molaei [8] proposed new hollow geometries for fa-
tigue tests of additive manufactured materials. Renzo et 
al. [9] have suggested a modified damage model based 
on the Sines criterion to assess the fatigue behavior of a 
titanium alloy. 

Hollow tubes are extensively used in mechanical en-
gineering applications, due to their high strength-to-mass 
ratio. As reviewed above, many hollow and thin-wall 
specimens experience cyclic torsional loading. There-
fore, researchers have focused more on the torsion of the 
hollow specimens. Ebrahimi and Negahban [10] have 
studied the torsion of rounded rectangular hollow tubes 
of functionally graded materials. Campagnolo et al. [11] 
have studied the torsional fatigue behavior of tube-tube 
steel joints using the peak stress method. 
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2. Materials and Methods

A fatigue evaluation model is proposed for thin-wall 
tubes under cyclic torsion. In the presented fatigue mode, 
the total fatigue life is a summation of the crack initiation 
and propagation fatigue lives. The crack doesn’t exist 
priory, but initiates after passing crack initiation life. The 
crack propagates on the outer surface of the specimens 
as the completely reversed torsion load is applied. The 
fatigue model is described in section 2.1. 

The stress analysis of the thin-wall tubular specimens 
under cyclic torsion is performed by FE simulations. The 
maximum stresses and strains at the critical region of the 
specimen are determined for a range of torsional loading. 
The time histories of the stress and strain fields are eval-
uated on a path around the critical point. They are later 
inserted in the proposed algorithm for the determination 
of the initial fatigue life and initial crack length. The FE 
model is presented in section 2.2. 

2.1. Fatigue life evaluation model

The total fatigue life consists of two stages; 1) The 
crack initiation life, ifN , is evaluated based on a critical 
plane approach using WT and FS criteria. 2) The crack 
propagation life, Np, is the number of cycles running af-
ter initiation of a macroscopic crack until the specimen 
failure. The number of cycles leading to the initiation of a 
macroscopic crack is presented with ifN . Note that in this 
model, the initial crack is not defined priory. The inherent 
imperfections and voids in the material, grow gradually 
as the periodic load is applied and turn into macroscopic 
cracks. The crack length in this model is not constant and 
is calculated in a similar procedure as proposed by Mo-
hammadi et al. [17]. After the crack initiation, the propa-
gation phase stars. The crack propagation continues until 
the specimen fails. The total fatigue life, Nt, is the sum-
mation of the initiation and propagation lives,

The crack initiation phase begins with the nucleation 
of the crack at the critical stress region, i.e., the area with 
the highest stress in the specimen. In this research, the lo-
cation of the critical stress in the specimen and the stress-
strain state are determined using FE analysis. Inserting 
the stress-strain time histories into the fatigue life pre-
diction model, the initial crack length and the initiation 
and propagation fatigue lives are calculated for a range 
of torsional loading.

2.1.1 Crack initiation life prediction

The crack initiation life is evaluated using a critical 
plane approach with the Fatemi-Socie and the modified 
Smith-Watson-Topper criteria. In critical plane theory, 
the fatigue evaluation is performed on a plate passing 

On the other hand, critical plane approaches have 
become a successful method for fatigue life assessments 
under torsional and bending loadings. Bӓckstӧrm and 
Marquis [12] reviewed different fatigue assessment mod-
els, including three potential damage models and a mod-
ified critical plane model for tubular welding joints un-
der torsion. Comparing to the experimental fatigue S-N 
curves, they stated that the critical plane method was the 
most accurate model in their investigation. A multiaxial 
fatigue model based on a critical plane model, which can 
be applied to ductile and brittle materials, was developed 
by Wang et al. [13]. Frendo et al. [14] assessed the fa-
tigue life of tubular welded structures under a sequence 
of bending and torsional loading using normal stress, 
notch stress and critical plane methods. He concluded 
that the critical plane approach determines the failure 
location, correctly. Ronchei and Vantadori [15] applied 
a critical plane approach to assess the fatigue life of a Ti-
6Al-4V notched specimen under bending and torsional 
loading. 

Most fatigue life prediction methods have assumed 
that the initial crack exists in the specimen priory. The 
crack nucleation phase is disregarded in the above-men-
tioned analytical models. They have mainly calculated 
the fatigue propagation lives. A few researchers have 
investigated the crack initiation fatigue lives. A failure 
initiation model based on Gough and Nishihara approach 
is reported by Khalij et al. [16] for ductile and brittle ma-
terials under cyclic bending and torsional loading. A fa-
tigue life prediction model for a notched shaft under cy-
clic bending is presented by Mohammadi et al. [17]. They 
incorporated the crack nucleation phase into their model 
using a critical plane approach based on Fatemi-Socei 
(FS) and Smith-Watson Topper (SWT) criteria. More-
over, they proposed an algorithm for the calculation of 
crack depth in the specimen. 

In the presented study, the crack initiation phase is 
incorporated into the fatigue model of thin-wall tubular 
specimens under cyclic torsional loading. The fatigue 
model is developed by applying a critical plane approach 
based on Fatemi-Socie and a modified Smith-Wat-
son-Topper (WT) criteria. The initial crack is not ap-
plied priory in the specimen, but is calculated within 
the model. According to the experimental observations 
of the fatigue of hollow tubes under torsion, the crack 
initiates on the specimen circumference on the critical 
point of the stress-strain state. With this assumption, the 
crack length is calculated using the stress-strain time his-
tories obtained by the Finite Element (FE) simulations. 
The total fatigue life combines the crack initiation and 
propagation lives. Consideration of the crack nucleation 
phase in fatigue life assessments of the tubular specimens 
under torsional loading has not been reported in the lit-
erature. The presented model can be adopted to evaluate 
the fatigue life of many tubular structures under torsional 
load.

    t if pN N N  
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through the critical point of the specimen, i.e., the point 
of the maximum stress. The FS criteria in Eq. (2) is de-
fined in terms of the maximum shear strain amplitude, 

max

2
∆γ

, and maximum normal stress, maxσ . In the FS cri-
teria, the critical plane is where the parameter max

2
∆γ

 has 
a maximum value.

In the FS formula in Eq. (2), G is the shear modulus, 
yσ  is the yield stress, f′τ  and f′γ  are the shear fatigue and 

torsional ductility coefficients. The components b and c 
are the fatigue strength and fatigue ductility, respectively.

The Smith-Watson-Topper criteria defined in Eq. (3) 
is a fatigue life prediction model for dominant tensile 
damage problems [18]. The critical plane in this case, 
is the plane experiencing the maximum normal strain 

/ 2∆ε . 

In torsional loading conditions, where the shear dam-
age is dominant, the Smith-Watson Topper criteria can be 
modified as follows,

The coefficients 1C  and 2C are obtained in a sim-
ilar way that conventional stain-life equation is written 
with shear strain amplitude. The constants 1C  and 2C  
are evaluated by making the two equations give the same 
endurance for uniaxial stresses. Following this procedure 
one gets max 1(1 )γ = + ν ε , where 1ε  is an axial strain and 
ν  is the Poisson’s ratio [18]. Therefore, the shear strain 
amplitude is (1 )+ ν  times the direct strain amplitude. 
Therefore, Eq. (4) can be rewritten as, 

Elastic Poisson’s ratio is 0.3 and plastic Poisson’s 
ration is 0.5, approximately. The modified Smith-Wat-
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Fig. 1. A schematic of the algorithm for the evaluation of the crack initiation fatigue life.
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son-Topper criteria, which can be applied to torsion prob-
lems of ductile materials, is

In the above formula, The fatigue initiation life is rep-
resented by ifN in general. iWTN and iFSN  are the initia-
tion lives based on the WT and FS criteria, respectively. 

In the critical plane theory, the fatigue life is calculat-
ed on all planes passing through the critical point and its 
smallest value, is considered as the fatigue crack nucle-
ation life of the specimen. Fig.1. shows the schematic of 
the algorithm used in this study to evaluate the crack ini-
tiation fatigue life. The first step is development of the FE 
model to determine the relationship between the stress-
strain time histories at the critical point and the applied 
torsional loading. The second step is the assignment of 
the unit normal vector passing through the critical point. 
The orientation of the normal vector is represented with 

r,θ θ . The beginning values are 0θ = r 0θ = , and they 
increased with small steps to 180 . According to Eq. (7), 
the components of the normal vectors are calculated us-
ing the optimum values of θ and rθ . The normal stress 
and normal strains are determined using Eq. (8) to Eq. 
(11). Theses evaluations are performed for all times in 
the stress-strain state. These stress-strain values are in-
serted in the corresponding criteria (WT and FS) and ifN
is evaluated for all planes passing through the critical 
point. 

 ,
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where

The minimum value of the ifN , evaluated on 
all planes, is considered as the as the crack initia-
tion life and the corresponding plane is the critical 
plane.

2.1.2 Crack propagation life prediction

In the case of the thin-wall tubular specimen, the 
crack initiates around the specimen circumference on 
longitudinal shear plane [2]. Therefore, the stress and 
strain time histories are determined along a surfaced path 
around the critical point of the specimen using the FE 
model. A fatigue crack is nucleated when the crack prop-

agation growth rate, 
p

da
dN

, reaches the initiation growth 

rate, 
i

da
dN

[17]. The initial crack length can be obtained 

by equating these two growth rate formula. Consequent-
ly, in the proposed fatigue life assessment model, the 
initial crack length is not constant for different torsional 
loading. After evaluation of the initial crack length, the 
walker equation (Eq. 12) is used to determine the fatigue 
propagation life, 

The stress intensity factor is defined in Eq. (13), 
where M is factor for the crack shape. For half-cir-
cle crack shape, M=0.728 is used. R is the stress ratio, 
which is assumed to be zero here. K∆  is the range of 
the stress intensity factor. The crack growth parameter 

1B 8.2exp( 13)= − , the growth component m=3.5 and 

the equivalent stress intensity factor 0.5ζ =  are constant 
values used in the presented fatigue model.

Integrating Eq. (6) gives the following formula for 
Np,

Eq. (15) is used to calculate the fatigue crack propa-
gation life, where the parameter B is defined in Eq. (16).

The final crack length, fa  is defined in Eq. (17) using 
mode II fracture toughness, IICK .

2.2. FE stress analysis

The FE model of the thin-wall hollow tube is devel-
oped using Abaqus software. The dimensions of the hol-
low tube are shown in Fig. 2. This model is based on the 
experimental work presented by Fash in 1985 [2]. The 
critical stress occurs in the middle of the tube, where it 
has the minimum thickness. One end of the tube is placed 
in the testing machine and the torsional loading is applied 
at the other end. The torsional fatigue test is controlled by 
adjusting the strain value. Finally, the test is stopped after 
observation of the macroscopic crack and the failure of 
the specimen. As the torsional strain increases, the initial 
crack length gets longer.

 Eq.(16)
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Fig. 2. The thin-wall tube specimen used for cyclic torsional tests [2].
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Fig. 4. The applied torsional load for this simulation is 
T=1400 N.m. The maximum stress occurs at the cen-
tral region of the specimen, with a maximum value of 

max 380 MPa∆σ = .

A convergence and mesh refinement study is per-
formed to show that the FE model and results are inde-
pendent of the mesh. For this reason, the maximum stress 
at the critical point of the thin-wall tube is determined 
for three different element sizes, 2.5, 3 and 5 mm. As il-
lustrated in Fig. 5, the maximum stress is converged for 
3 mm element size. This value is used for the rest of the 
simulations in the study. 

The FE model and the FE mesh of the thin-wall tube 
are presented in Fig. 3. The mesh size is 3 mm. The ele-
ment number is 12212 and the number of nodes is 15480.  
The element type is C3D8R, which is a cubic-8-node ele-
ment. The torsional loading is applied at a reference point 
(RP) defined at the end of the tube.

4. Results and Discussions
4.1. Results of the FE stress analysis

The results of the FE stress analysis are presented 
here. The von-mises stress distribution is presented in 

Fig. 3. The FE model of the tubular specimen under cyclic torsional loading.

Fig. 4. The stress distribution of the thin-wall tube under cyclic torsion.

Fig. 5. Mesh refinement study for the FE stress analysis.
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4.2. Results of the fatigue life evaluation model

In this section, the results of the fatigue life predic-

Next, the maximum strains at the critical point of the 
thin-wall tube are determined. The time histories of the 
shear strains 12 23,ε ε and the maximum principal strain are 
plotted in Fig. 6. The maximum strain for T=1400 N.m 
is 2.4e-3. The shear stress components and the von-mises 
stress at the critical region of the thin-wall tube are also 
plotted in Fig. 7 for T=1400 N.m, where the maximum 
stress is max 380 MPa∆σ = . 

E (GPa) y (MPa) U (MPa) f (MPa) f  f (MPa) f (MPa) b c m  
205 380 621 809 0.173 0.528 0.35 -0.1 -0.468 3.5 0.5 

 

Experimental
TN 

-FS 
predicted

FSN 

-WT 
predicted

WTN 
ia (μm) pN iFSN iWTN max max

(MPa) 

890 910 1,197 998 580 330 617 17.3e-3 502 
8710 8,776 11,044 970 4,703 4,703 6,970 7.2e-3 394 

102,083 124,170 128,970 167 76,011 48,155 52,955 3.81e-3 336 
1,010,210 932,118 873,508 50 406,740 711,210 652,610 2.6e-3 294 

 

tion model for the thin-wall tubular specimen under cy-
clic torsional loading are presented. As stated before, the 
total fatigue life in the presented model, is the summation 
of the crack initiation and the crack propagation lives. 
There was no need for defining the initial crack priory 
in this model. However, the crack was initiated after ap-
plying the cyclic loading and the initial crack length was 
calculated using the stress-strain state at the critical point 
of the specimen. The initial crack length depends on the 
loading range and the critical stress-strain state. 

To validate the calculated fatigue lives, the numeri-
cal results are compared with the experimental investi-
gations performed by Fash [2]. The material used in the 
fatigue experiments is SAE-1045 steel. Some mechanical 
properties of SAE-1045 steel and some fatigue model pa-
rameters are given in Table 1. 

The fatigue life evaluation model, is implemented in 
a piece of Matlab code and is linked with the FE stress-
strain state results. The fatigue lives are evaluated for 
strain levels of 0.15, 0.22, 0.4 and 1.0 percent and are 
compared with experimental results of Ref. [2]. The pre-
dicted and experimental fatigue lives are reported in Ta-
ble 2. Experimental results and the evaluated total fatigue 
lives, obtained by WT and FS initial life criteria, are in 
good correlation. 

The maximum stress and strains are presented in the 
first and second columns of Table 2. iWTN  and iFSN  are 
the calculated initial lives base on WT and FS criteria, 
respectively. The fatigue propagation lives are evaluated 
with different initial crack lengths. The computed crack 
lengths are presented in the 6th column. The Total predict-
ed fatigue lives are reported on seventh and eight columns 
of Table1. The total fatigue lives are the combination of 
the initiation and propagation lives, i.e. WT iWT pN N N= +
and FS iFS pN N N= + . 

For the maximum range of the critical stresses 
max 502 MPa∆σ = and max 294 MPa∆σ = , the initial 

crack lengths are ia 998 m= µ and 50 mµ , respec-
tively. The predicted fatigue lives for both WT and FS 
criteria are plotted versus experimental lives in a log-
arithmic scale in Fig. 8. The evaluated results are in 

Fig. 6. The shear strain components and the maximum 
principal strain at the critical region of the thin-wall tube 
under cyclic torsion.

Fig. 7. The shear stress components and the von-mises 
stress at the critical region of the thin-wall tube under 
cyclic torsion.

Table 1. Mechanical properties of the SAE-1045 steel in the fatigue tests.

Table 2. Comparing experimental results and the evaluated total fatigue lives.
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The error of the numerical model is defined in Eq. 
(18), where ie  is the error-index for the fatigue life in 
each stress state. The average absolute error, e , is the 
average of the error indices [17].

The values of error index versus maximum stress 
range for fatigue life prediction models, including crack 
initiation phase based on WT and FS criteria, are shown 
in Fig. 10. The error indices for Np, which is obtained 
without consideration of the initial crack lengths, are also 
presented in Fig. 11. 

excellent agreement with fatigue tests. The fatigue lives 
without consideration of the crack initiation phase, i.e. 
Np, are also plotted in Fig. 8 as well. The effects of the 
stress state on the predicted fatigue lives are illustrated in 
Fig. 9. Obviously, the FS model has the best performance 
in the prediction of thin-wall tube fatigue lives under cy-
clic torsional loading.

n
fi

i i
i 1exp

N 1e log , e | e |
N n 

           
 

 

The average absolute error for the models, including 
crack initiation life is 7.65% for FS and 23.88% for WT 
criteria. The average error for the model without consid-
ering the crack nucleation life is 56.23% for the thin-wall 
tube model. Without consideration of crack the initiation 
phase, the error of the absolute error is high. The proposed 
model indicates that a correct determination of the fa-
tigue life requires consideration of crack initiation phase.

An improved model for fatigue life evaluation of thin-
wall tubular structures based on critical plane theory is 
presented. This new fatigue model incorporates the crack 
initiation phase in the life prediction model. The total fa-
tigue life is a combination of both crack initiation and 
crack propagation lives. The initial crack length is not 
applied priory, but is calculated within the model. The 
crack initiation life is evaluated using a critical plane ap-
proach base on a modified Smith-Watson-Topper (WT) 
and the Fatemi-Socie (FS) criteria. The fatigue lives 
obtained from the proposed model are validated by ex-
perimental results for a thin-wall tubular specimen. Both 
critical plane criteria gave similar fatigue lives, with the 
FS criteria giving a slightly more accurate initiation life. 
Without consideration of crack initiation phase, the mod-
el absolute error is high. The proposed model indicates 
that a correct determination of the fatigue life requires 
consideration of crack initiation phase.

Fig. 8. The predicted total fatigue lives versus experi-
mental results.

Fig. 9. Experimental and evaluated fatigue lives versus 
maximum stress range.

Fig. 10. Error index versus maximum stress range for fa-
tigue life prediction models.

Fig. 11. The average absolute errors for the fatigue lives 
with and without crack initiation phase.
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4. Conclusions

In this study, the crack initiation phase was incorpo-
rated into the fatigue model of thin-wall tubular speci-
mens under cyclic torsional loading. The fatigue mod-
el was developed by applying a critical plane approach 
based on two different criteria, FS and WT. The advan-
tage of this model was the calculation of the initial crack 
length considering circumferential crack nucleation. The 
crack length was determined using the stress-strain time 
histories obtained by the FE analysis. The total fatigue 
life was a summation of the crack initiation and propa-
gation lives. The predicted fatigue lives were validated 
by experimental results for a thin-wall tubular specimen. 
Both critical plane criteria gave similar fatigue lives, with 
the Fatemi-Socie criteria giving a slightly more accurate 
initiation life. Without incorporating the crack nucleation 
phase, the absolute error of the predicted fatigue lives 
was relatively high. The proposed model indicates that a 
correct determination of the fatigue life requires consid-
eration of the crack initiation phase.
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